We study the Hawking radiation on the quantum space-time generated by a quantum ingoing null shell in the 2d theory of quantum gravity proposed by Callan-Giddings-Harvey-Strominger (CGHS). The quantum space-time is a superposition of classical geometries with uncertainty in position and momentum of the collapsing shell. The Hawking radiation spectrum is computed, revealing a non-thermal behaviour for finite time as well as a dependence on the shell's physical degrees of freedom. Hawking radiation's dependence on the collapsing shell becomes irrelevant in the late time approximation as the temperature depends exclusively on the cosmological constant. When quantum corrections are taken into account, the profile of the Hawking radiation as a function of time contains information about the initial state of the collapsing shell. The energy flux of 2d black hole radiation is computed explicitly and is shown to coincide with small differences due to the approximations required for an explicit computation with the standard results derived taking into account the conformal anomaly * askirz@gmail.com 2
I. INTRODUCTION
The study of black hole evaporation is one of the most important problems of fundamental physics nowadays. It involves gravity, quantum field theory and thermodynamics in their full regimes. Hawkings calculation [1] showing that black holes radiate a thermal spectrum initiated the study of this phenomenon. However a complete understanding of the evaporation process is still lacking and involves conflicts that seem to contradict some of the fundamental principles of physics, [2] [3] [4] [5] [6] see also p.49 [7] . The standard calculation of Hawking radiation assumes a fixed given space-time ignoring the fact that the black hole loses mass through the radiation and eventually evaporates [8] . Associated with the evaporation process is the issue of loss of information, The black hole evaporates in a thermal state characterized by only one number, its temperature, and the information about the matter that formed the black hole is apparently lost. Having a model calculation for the formation of a black hole and its evaporation including quantum effects would be very useful to gain greater understanding of this process.
In a previous paper [9] , the Hawking radiation on the quantum space-time of a collapsing null shell in 3+1 dimensions was studied. The quantum space-time was constructed by superposing the classical geometries associated with collapsing shells with uncertainty in their position and mass. Departures from thermality were observed in the radiation even though we are not considering back reaction. The usual profile for the Hawking radiation as a function of frequency was recovered in the limit where the space-time is classical. However, when quantum corrections were taken into account, it was shown that the profile of the Hawking radiation as a function of time contains information about the initial state of the collapsing shell. The approximations required for the explicit determination of the radiated field did not allow to determine if all the information can be recovered.
Two-dimensional models of black holes were introduced some twenty five years ago [10] [11] [12] [13] [14] . Even though they are simpler than the four-dimensional case most of the previously mentioned problems are still present [15] [16] [17] [18] [19] , and a complete quantum analysis of a collapsing system is still lacking. In this paper we start the study of a collapsing quantum shell of matter in two dimensions. New techniques for the computation of the Hawking radiation emitted by the quantum shell are developed. It is shown that in spite of the fact that the temperature of the classical twodimensional black hole is universal and independent of the properties of the black hole, the radiation emitted by a quantum shell depends on its properties. This raises the expectation of being able to recover at least part of the information initially contained in the system.
II. COLLAPSING SHELL
Here we study the collapse of a massless shell. In order to do so, let us first consider the action of CGHS's model coupled to a massless shell and a massless scalar field
at the null mass limit, and considering the first order action written in terms of the momentum of the shell, p [20] , one gets for the S Shell
where η(p) is the sign of p, andN andN x correspond to the lapse and shift functions of the metric, evaluated at the shell's position,
Additionally, we have considered the coupling to a quantum scalar field η, whose quantum correlations we are going to study more deeply in what follows in order to take into account the black hole radiation and backreaction. The variations of the action lead to
where
In Kruskal coordinates g = −e 2ρ dx + dx − , the only non zero components of the connection are Γ ± ±± = 2∂ ± ρ and the curvature is R = 8e −2ρ ∂ + ∂ − ρ. Thus, vacuum equations of motion are
One can show by considering the difference of the previous equations that the system admits a gauge fixing ρ = φ. The coupled CGHS Shell's equations for a collapsing shell with p < 0 and no classical modes for the scalar field become
whose solution is
where M 0 is an integration constant that will be associated to the mass of a previously existing black hole.
A. Canonical formulation of CGHS's action
We iniciate the study of the dynamics of CGHS model by following [8, 14, 21] . In fact, the CGHS's action [22] can be rewritten in a vielbein formulation with local Minkowski invariant tensors η IJ , ǫ IJ , frames e I a , spin connection ω a ǫ IJ , Lagrange multipliers X I , Φ = 2 √ 2e −φ , and Y (Φ) and V (Φ) given such that the theories coincide,
After proposing a parallel with 3 + 1 gravity as in [23, 24] , with spatial line element ds 2 = (E ϕ ) 2 dx 2 and E x = e −2φ , a new set of variables can be chosen for the canonical formulation of the CGHS action. Following [24] one can redefine the lapse and shift functions by
, and rewrite the constraints in the Hamiltonian formulation as
for a collapsing shell with p < 0, and
where the new set of canonical pairs
and {U x (x), E x (y)} = Gδ(x − y) and all the other brackets are trivial. They can be related to the Kruskal coordinates representation of the black hole's metric (8) −φ (eq. (3.3)), and relating to the solution of a black hole coupled to a null shell in Kruskal coordinates we have x ± = t ± x, √ q = e ρ , N = e ρ , N x = 0, and ρ = φ. From our basic assumptions we can also determine the expressions for
B. CGHS/Shell observable quantities
From the gravitational part of the Hamiltonian, let us define
and integrate in x. In order to eliminate all inconsistencies at spatial infinity from the variational problem, we can redefine the total Hamiltonian as
. On a static black hole solution (p = 0 on the solution (8)), M + corresponds to the mass M 0 , which leads us to conclude that M + is the total mass of the spacetime. For simplicity,
we will restrict our attention to the right infinity observables. The mass of the incoming shell is then −
can be evaluated on the shell's BH solution (8)
which tells us that the collapse of the shell increases the black hole's mass. If M 0 = 0 there is no black hole spacetime until
The mass turns to M = −pλx + 0 after the shell passes. As it turns out, F (x) in (12) can be used to define two physical quantities. One of them is
it's Poisson bracket with the total Hamiltonian can be computed easily. Let us start by computing
Therefore, it follows that
showing that M is in fact a Dirac observable.
Additionally, we can recognize another Dirac observable of the coupled system
whose Poisson bracket with the total Hamiltonian (as in (17)) can also be shown to be zero. It can also be shown that V is canonically conjugate to M since
In what follows we are going to use variables inspired on the these Dirac observables. This will have repercussions on the Hawking radiation's spectrum of the black hole formed by a quantum shell, and consequently on the predictions of the model. Additionally, the observable quantities can be recognized by their exclusive dependence on M and V .
III. HAWKING RADIATION
The Hawking radiation is a flux of particles observed at future null infinity, in our case, it will be expressed in terms of the expectation value of the density number of particles' operatorρ out of a massless quantum field. In the CGHS/Shell model in two dimensions, coupled to a quantum massless scalar field, the radiation can also be determined by the change of scale of the flux of particles of the scalar field operator η(x, t) from the quantum state
The free scalar field operator evolution is decomposed into right and left moving parts η(
. It can be represented as
where f ω (x) are a basis of classical solutions of the wave equation, labeled by ω and normalized a la Dirac on I − with the norm conserved by the Klein Gordon's equation
These requisites are fulfilled by
in for left/right moving modes, with ±λx
Similarly we can do to represent the scalar field in the null infinity future.
A. The expectation value of the number of particles
We are now going to describe the evolution of the scalar field in order to establish the radiation that escapes from the black hole and reaches I + R . It is possible to find a set of normalized functions as in (21) at H ∪ I + R , where H is the black hole horizon and write the scalar field as in (20)
where on the quantum state |0 in , whereâ Rω |0 in = 0 andâ Lω |0 in = 0 for all ω, the second iŝ
on the quantum state |Φ out = |0 in , which is not the zero particles state |0 out at I + R . The Hawking radiation observed at I + R is given by studying the propagation of right moving initial data. For a massless scalar this propagation is described by the geometric optics approximation η out (
The right moving modes get scaled after its transit through near BH geodesics, thuŝ
the annihilation operator of the η fundamental excitations in I + R , will act on the vacuum state with non trivial effects. Here, the creation and annihilation operators get mixed
, is the beta function. The density of states at I + R comes from |out = |0 in , thus
In the above expression for K(ω 1 , ω 2 ) we have left the explicit integral as we have not found an analytic expression for it. However, it should be pointed out that (27) becomes divergent for ω 1 = ω 2 , it is this divergence what makes thermal behaviour to stand out among other contributions to the number of particles. The integral we have to perform involves the Gamma function. On the imaginary axis the Gamma function can be expressed as [25, 26] Γ(iy) = π y sinh(πy) e iϕ(y) with ϕ(y) = y ln(y)
where B 2m are Bernoulli numbers B 2m = { 
It is clear in this representation that the number of particles density N (ω) = ρ(ω, ω) is infinity because F (ω, ω, ν, σ 0 ) = 0 and the integral contains a logarithmic divergence. The reason it becomes infinity is because we are including the contributions of the particle density for all times. Since we do not consider back-reaction the total emission of energy adds up to infinity. In order to define the particle density in time ρ ω (σ − ),instead of considering wave packets in frecuency and time we will use the Wigner's Functional [27] as defined by
B. Density of states approximations
Using the stationary points approximation [28] of the Wigner distribution [27] we can estimate the value of the integral as
λ ) and A is the Hessian of f for the variables ν, ω ′ at the stationary (critical) point of f . The Wigner's Functional for the density of states is then
we can find the critical point (ν 0 , ω ′ 0 ) for the resolution of the integral using the stationary phase approximation with ∂ ν f (ω, ν 0 , ω
is an odd function in y we conclude that ω ′ 0 = 0, thus we are left with only one equation
The equation above determines the value of ν 0 , however it can be solved exclusively for σ − − σ 0 ≥ 0 as the minimum of ϕ ′ (
can be found at ν 0 = 0 for all values of ω. Thus
where the stationary point has been found in ω ′ 0 = 0 and ν 0 + ω ≈ ωe
. We can't get a closed expression for ν 0 but further corrections in the high frequency limit
. Additionally, the solution to the integral could be further corrected by incorporating more terms to the stationary point approximation of the integral. Ideally, the energy radiated would coincide with the one obtained by considering the conformal anomaly (43), which generates a non trivial transformation of the energy flux from being exactly zero at I − L to a non-zero expression at I + R .
C. Fast Fourier Transform
We also perform an alternative set of approximations following the analysis performed by [9] . If σ − n = 2πn ǫ and ω j = (j + 1 2 )ǫ, then the fast fourier transform [29] can be expressed as
it represents the radiation in a window of time
). We rewrite this expression in terms of ω and ω ′ , and the leading terms give
The diagonal part of the particle density can be recognized to contribute the most to the particle density, however an approximation is imperative to be able to solve the integrals, and we get
where we have assumed arg(Γ(iy)) ≈ y ln(y/e) − π 4 , and inside the integral in ν, that
ν+ω j λ ) ≈ 1. Notice that we can replicate for the CGHS case the results obtained by Eyheralde et al. [9] ,
is the mean frequency of the incoming wave, this is equivalent to considering the late-time limit and finally we get
which is basically thermal radiation, with temperature T ∝ λ, times a step function. This corresponds to the solution
In fact, with the Time-Frequency analysis we are able to predict the right starting time for the radiation σ − = σ 0 but the Wigner functional for the density of states provides other corrections to the spectrum, i.e. a bigger delay is observed in the amplitude of the radiation with smaller frequencies. This delay is accounted in first approximation by the substraction of a part of the spectrum that could be described as a thermal radiation too, with decreasing temperatureT ∝ λe
IV. THE INFALLING QUANTUM SHELL AND PRE-HAWKING RADIATION
Quantization procedure requires us to choose operators related to physical quantities. For this reason we promote the observable quantities V and M , defined in (18) and (15), to operators satisfying the Heissenberg algebra
In particular, the density operator depends exclusively on σ 0 = − 
A. Energy density
Quantization of a scalar field in a curved background [30] [31] [32] offers many difficulties, some of these can be overcome when considering the coupling to the CGHS model provided that the energy momentum tensor is renormalizable. In particular, the symmetries of the coupled system and its quantum anomaly provide means to compute the density flux of energy that reaches null infinity due to the quantum fluctuations of the scalar field. By taking into account the quantum anomaly of the conformal symmetry, the energy-momentum tensor can be corrected as
Traditionally, the energy density of the scalar field that escapes to I + R is obtained by generating a conformal transformation that recreates how : (∂ ± η) 2 : stops being zero. Instead, following the same rules as to compute the number density operator, we compute E p (σ − ) the energy density at I + R of the radiation coming from the quantum scalar field η, given explicitly by out|T −− |out . In the process we arrive to a very similar expression that involves the integral of the pre-Hawking radiation (40) times the frequency ω. After this we get
here, we can appreciate a notable difference with the usual expression for the radiation energy as it is obtained using the conformal anomaly [10, 33] 
in which we can appreciate the radiation is coming all the way from −∞. These results differ notably, but they do not have to agree because the source of the black hole is a different one. In the first case, we have a null shell that is described best by its position and momentum, while in the second case we have a scalar field's pulse, with no clearly defined momentum. For a better comparison we could compare the energy radiated by a quantum shell, which due to the uncertainty principle would not have a sharp value for its momentum.
B. Eigenstates of the Energy density operator
As we have seen, the energy radiated at certain dσ − is a function of −p, whose quantization has to be performed in terms of the canonically conjugate observable quantities we have studied previously. Yet, the whole quantization can make sense only if we restrict to the negative eigenvalues of p = − M e λV = −e 
This state would generate a spacetime whose radiated energy is (42), but it would neither be sharp in V nor M . We may, for instance, study how would Hawking radiation look like for a specific state. An interesting case to study would be a state as sharp as it gets in quantum mechanics in the variables V and M around the values v 0 and M 0 as for instance, a gaussian
2 .
With such state we could expect a Hawking radiation to be better represented by its mean value with respect to the gaussian state. Of course, the gaussian state would smooth out the abrupt start of the radiation, which would be different from zero at all points in I + R . The inconveniences to use such a gaussian state lie in the integrals we have to perform.
Other types of wave functions could be proposed and we could study the different possible mean density energy flux, however it seems these would provide us with a statistical superposition of the density energy flux (42) of a classical shell. No new information could be extracted from the collapsing shell.
A curious choice of the shell's wavefunction is one in which the mean energy density of the quantum shell (42) corresponds to that one obtained through the conformal anomaly (43). If we call it χ(p) = p|χ , the equation
can be solved taking into consideration that the equation looks as a convolution. We obtain |χ(p)| 2 = 3λ
however, it can be checked this wave function is not normalizable.
